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Properties of radiation emitted by relativistic electrons traveling through a limited trajectory
of length L in helium and nitrogen gas at various pressures are experimentally investigated in the
visible and the millimeter-wave regions. The radiation was generated by short bunches of electrons
from a linear accelerator. In the long-wavelength region the Cerenkov threshold was blotted out, and
the observed radiation showed characteristics of transition radiation even if the Cerenkov criterion
Bn > 1 was fulfilled. An alternative criterion 3(n — A/L) > 1 is proposed on the basis of the

consideration of the formation zone.

PACS number(s): 41.60.Bq, 41.75.Ht, 42.72.Ai

I. INTRODUCTION

In a dielectric medium, Cerenkov radiation is emitted
[1] when the velocity of a charged particle v exceeds that
of light ¢/n, i.e., fn > 1, where n is the refractive in-
dex of the medium and 8 = v/c. The condition Bn > 1
is called the Cerenkov criterion. For a medium of infi-
nite extent, the propagation of radiation is confined in
the direction of the Cerenkov angle 6. which is defined
by cosf. = 1/8n, that is, the angular distribution of ra-
diation is given by the Dirac delta function of the type
5(0 — 6.). The radiation is not emitted when Bn < 1.
The equation Bn = 1 is called the Cerenkov threshold,
which is defined in a medium of infinite extent.

The condition of the infinite extent of a medium is not
practical. In actual experiments a trajectory of charged
particles is limited by some kind of boundary, such as
the windows in the Cerenkov counter. The theory of
Cerenkov radiation emitted from a finite region was first
derived by Tamm [2], in which it was shown that the
intensity of radiation remained even if fn < 1. Lawson
[3] and Zrelov et al. [4,5] made numerical calculations
of the angular distribution on the basis of Tamm’s the-
ory in both cases of Bn > 1 and n < 1, and discussed
the sharpness of the Cerenkov threshold. In the visible
region experimental studies of the Cerenkov counter [6]
verified that the radiation intensity did not vanish at gas
pressures below the Cerenkov threshold. The remaining
radiation was qualitatively considered to be transition ra-
diation emitted from windows of the counter, because the
observed intensity was independent of the path length.
Transition radiation is emitted when an electron travels
across an interface between two media with different di-
electric constants, and was first theoretically studied by
Frank and Ginzburg [7].

In the long-wavelength region some research groups
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have recently observed the radiation from a finite tra-
jectory of electrons in a gas [8-12]. Through these exper-
iments a problem about the nomenclature of the radia-
tion in a gas has been introduced. The observed radia-
tion was somewhat arbitrarily called Cerenkov radiation
[8-10] or transition radiation [11,12], according to con-
ventional nomenclature or to the property of radiation,
respectively. This problem arises from the fact that the
observed radiation can be analyzed by either the the-
ory of Cerenkov or transition radiation. Therefore it ap-
pears significant for us to investigate the relation between
Cerenkov and transition radiation, and to understand the
role of the Cerenkov threshold for a finite length of the
electron trajectory.

In this paper we describe our experimental results on
the characteristics of the radiation emitted from a finite
trajectory of electrons and discuss the practical mean-
ing of the Cerenkov threshold. The radiation in helium
and nitrogen gas at various pressures near around the
Cerenkov threshold was observed in the visible and the
millimeter-wave regions. To ensure the results, we used
electron beams of two different linear accelerators, i.e.,
the Tohoku Linac at Tohoku University (150-MeV elec-
tron beam) and the KURRI Linac at Research Reactor
Institute, Kyoto University (40-MeV electron beam). On
the basis of the results of our experiments and from con-
sideration of the formation zone, we propose an alterna-
tive criterion for Cerenkov radiation.

II. THEORY OF CERENKOV
AND TRANSITION RADIATION

For the formulation of Cerenkov and transition radia-
tion, we consider an electron trajectory in a gas with the
refractive index n, which is limited by a metallic window
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(W) and a metallic mirror (M) with the mutual complex
dielectric constant €, as shown in Fig. 1.

According to Tamm’s theory [2], the intensity of
Cerenkov radiation from a finite trajectory (L) of an elec-
tron is given by [4]

d*P, _an (L\? (sinX(),0)\? . ,
dQdr - x (X) ( X(00) ) sin”f,  (21)
X(A,0) = % (1 —pBncosh), (2.2)

where « is the fine-structure constant, A a wavelength
in vacuum, [ the ratio of the velocity of the electron
to that of light, and 6 the angle between a direction of
observation and the electron trajectory. The intensity
is represented by the number of photons (Pp) per unit
wavelength (d)) and unit solid angle (d2). The observa-
tion point is assumed to be far from the radiation source.
Equation (2.1) shows that the radiation intensity is not
extinguished and remains finite even if Sn < 1. When
|Bn — 1|L/X > 1, Eq. (2.1) is integrated over all solid
angles in two cases. For fn > 1,

ﬁ_%raL(l 1 )

d\ A2 ~ 2n2

2a 1 1+ 8n
and for fn < 1,
dP, 2a 1 1+ 8n
— = — | —1 —-2]. 2.4
d\ ™A (ﬁn Il1—ﬁn > (2:4)

The first term of Eq. (2.3) represents the intensity of
“pure” Cerenkov radiation from a continuous medium
and it is proportional to L. Equation (2.4) and the second
term of Eq. (2.3) result from the ends of the trajectory. In
Tamm’s theory the electron is assumed to have a constant
velocity Bc only during traveling the length L. Since this
condition corresponds to the trajectory limited by perfect
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FIG. 1. The schematic view of radiation from an electron
trajectory (e~ ) limited by a metallic window (W) and a metal-
lic mirror (M) with the mutual dielectric constant €. The tra-
jectory is in a gas with the refractive index n. Arrows with
CR and with TR denote Cerenkov radiation and transition
radiation, respectively.
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conductors on both sides, origin of the radiation given by
Eq. (2.4) and the second term of Eq. (2.3) should be due
to transition radiation, as is explicitly shown below.

Transition radiation is emitted from an interface of two
media. With the experimental configuration shown in
Fig. 1, the transition radiation from a metal-to-gas in-
terface at the window (W), which is called the forward
transition radiation, and from a gas-to-metal interface at
the mirror (M), which is called the backward one, are
observed. The intensity PF7T of the forward transition
radiation is given by [13]

d*PfT
dQdA

a3*nsin® 0 cos? 0 2

¢

~ m2A(1 — B2n2 cos? 6)?2 |

. (2.5)

(e —n?)[1 — B?n? — B(e — n?sin® 9)1/?]
[ecos @ + n(e — n2sin® 8)1/2][1 — B(e — n2sin®§)1/2]

(2.6)

The expression of the backward transition radiation is
obtained from Eq. (2.5) multiplied by the Fresnel coeffi-
cient of reflection at the surface of the mirror (M) and
replaced 3 by —3. When |e| > 1, the factor | cos8|? is
close to unity, and this approximation is satisfied by most
metals in the long-wavelength region. Aluminum, for ex-
ample, satisfies this condition even in the visible region,
because its plasma frequency is in the vacuum ultraviolet
region [14]. When both the window (W) and the mirror
(M) are such a type of conductor, the intensity of transi-
tion radiation which propagates to an observer in Fig. 1
is given by [15,16]

d*pf 2a3%*nsin’ 0 2nL
= 1—-cos— 1}, (2.7)
dQdx  72A(1 — B?n2 cos? 9)2 Ly

where Ly is the length of the formation zone and is given
by [17]

BA

L= —r——.
f |1 — Bncosd|

(2.8)
The definition of the formation zone is different by a fac-
tor of 27 in the literature [4,17]. In our previous work
[16], there was a factor of 27 in the denominator.

When |Bn—1|L/X > 1, the result of integration of Eq.
(2.7) over all solid angles is written as

14+ p8n 1}.

T ]

(2.9)

dPY  2a [1+3%n?
dx 7rn)\{ 20n
For the medium of a gas (n ~ 1) and for a high-energy
electron (8 ~ 1), Eq. (2.4) or the second term of Eq.
(2.3) derived for Cerenkov radiation from a finite trajec-
tory and Eq. (2.9) derived for transition radiation are
approximately reduced to the same functional form

dPY 2a 2

=L = (2.10)

= T Bl

Thus it is shown that the intensity of Eq. (2.1) which is
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FIG. 2. The calculations of the angular distribution of (a)
the radiation from a limited trajectory of an electron and (b)
transition radiation. The energy of the electron is assumed
to be 150 MeV, the wavelength A = 1 mm, and the length of
path L = 165 mm.

derived for Cerenkov radiation includes not only “pure”
Cerenkov radiation but also transition radiation from
both metal-to-gas and gas-to-metal interfaces.

When |Bn — 1|L/A > 1 is not fulfilled, integration of
Eq. (2.1) cannot be distinctly divided in two terms of
Cerenkov and transition radiation. Forn ~ 1, 8 ~ 1,
and a small angle 6, i.e., |[fn — 1|L/A < 1, Eq. (2.1) is
smoothly continuous at the Cerenkov threshold Bn = 1
when n is varied, and the sharp edge of discontinuity does
not appear [3]. Then, Eq. (2.1) of the radiation from a
finite length and Eq. (2.7) of transition radiation have
approximately the same functional form and the same
angular distribution:

d?Py _ d*Pf _on

— 9 ~ 270 2-20.
a0 " dndy S e lsin

(2.11)
As an example, Fig. 2(a) shows the theoretical intensity
calculated by Eq. (2.1) for A = 1 mm, L = 165 mm, a
150-MeV electron beam, and helium gas at atmospheric
pressure which is above the Cerenkov threshold. Then,
the value of |Bn — 1|L/\ is about 0.005. The intensity
represents the number of photons per unit solid angle
(sr) and unit wavelength (m). The angular distribution
of Eq. (2.7) for transition radiation in vacuum (n = 1) is
shown in Fig. 2(b). These two angular distributions are
the same, though the theories for the derivations of the
two equations are different. One is Eq. (2.1) for Cerenkov
radiation with transition radiation and the other is Eq.
(2.7) for only transition radiation. In other words, Eq.
(2.1) mostly represents the intensity of transition radia-
tion in the long-wavelength region, even if the Cerenkov
criterion Bn > 1 is fulfilled. This aspect of Eq. (2.1)
has introduced an ambiguity about the nomenclature of
the radiation emitted in a gaseous medium in the long-
wavelength region [8-12]. Therefore another criterion of
Cerenkov radiation is necessary.

III. EXPERIMENTAL PROCEDURES

A. Generation of radiation

The Cerenkov threshold is determined by the refrac-
tive index of a gas and the velocity of an electron beam.
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Two combinations of gases and electron beams were em-
ployed. Experiments were performed at facilities of the
Tohoku Linac and the KURRI Linac. The experimental
conditions of the two linacs, i.e., the electron-beam en-
ergy, the energy spread, the accelerating radio frequency,
the duration of a burst, and the repetition rate, are shown
in Table I. The average beam current is a typical value
during the experiment and is proportional to the number
of electrons in the bunch. The current was measured by
a secondary emission monitor at the Tohoku Linac and
by a Faraday cup at the KURRI Linac.

The arrangement of the experiment is shown in Fig. 3.
The chamber was filled with gas at various pressures. The
characteristics of two kinds of gases are listed in Table II.
The gases were kept at room temperature. In this paper
we designate the gas pressure of 101 kPa as atmospheric
pressure, and both 6 Pa at the Tohoku Linac and 10 Pa
at the KURRI Linac as vacuum. The electron trajectory
was limited by an aluminum foil 15 pgm thick and by a
mirror (M1). In the millimeter-wave region, a flat alu-
minum foil 15 pm thick was used as the mirror (M1).
In the visible region it was replaced with an aluminum-
coated-silica glass 0.3 mm thick. In the wavelength range
of our experiment aluminum was regarded as a perfect
conductor [14]. When the angular distribution of radia-
tion was observed, the mirror (M1) was rotated around
a vertical axis. The distance L between the foil and the
mirror (M1) was varied by moving the foil when the de-
pendence of the intensity on the length L was observed.
In order to cut off the radiation emitted from a titanium
window (W2), some sheets of absorber of far-infrared ra-
diation (Eccosorb AN72, Emerson & Cuming Co.) were
put around the aluminum foil.

M2

SPECTROMETER

FIG. 3. The arrangement of the experiment. Keys are W1,
W2, titanium windows 20 um thick; C, a beam collimator;
M1, M2, M4, plane mirrors; M3, a spherical mirror; and
e”, electron beam. The beam collimator (C) is a cylinder of
aluminum 100 mm in diameter and 120 mm long with a cen-
tral hole 12 mm in diameter, and is used only at the KURRI
Linac. The vacuum chamber is evacuated, or filled with He
or N2 gas at various pressures. As the mirror (M1), a flat
aluminum foil 15 gm thick is used in the millimeter-wave re-
gion and an Al-coated-silica glass 0.3 mm thick is used in
the visible region. The detector is a Si bolometer in the mil-
limeter-wave region and a photomultiplier tube in the visible
region. A grating-type spectrometer for the visible region is
placed behind the exit slit of the far-infrared spectrometer.




T. TAKAHASHI et al. 50

TABLE I. The experimental conditions of the electron beam.

Tohoku Linac

KURRI Linac

Electron energy (MeV)

Energy spread (%)
Accelerating rf (GHz)
Duration of a burst (us)
Repetition rate (pulses/s)
Average beam current (pA)
Number of electrons per bunch

150 40
0.2 167
2.856 1.300
2 0.033
150 55
0.5 1.5
3.6 x 10° 4.0 x 10°

The electron beam of the KURRI Linac has a large
transverse size of a few centimeters in diameter. In order
to diminish this size, a beam collimator of cylindrical
aluminum (C in Fig. 3) whose size was 120 mm long
and 100 mm in diameter was used. It had a central hole
of 12 mm in diameter and was set at a distance of 320
mm upstream from the mirror (M1). The influence of
the collimator on the observed radiation was eliminated
by some sheets of Eccosorb around the aluminum foil.
The collimator was not used for the electron beam of the
Tohoku Linac.

The profile of the electron beams at the position of the
aluminum foil in Fig. 3 is summarized in Table III. The
longitudinal length of the bunch was estimated from the
spectrum of coherent synchrotron radiation [10,18]. The
transverse size and the angular divergence were estimated
on the basis of the multiple scattering of electrons by the
titanium windows and by gas in the chamber [19]. The
calculated values of the normalized emittance €,, which
is defined in the Appendix are of the order of 10~2 mrad
as are shown in Table III. Compared with these values,
the normalized emittance of the electron beam of the
linear accelerator is negligibly small, for example, about
7 x 10757 mrad at the Tohoku Linac [20].

B. Detection of radiation and calibration

The radiation was reflected by a plane mirror (M2
in Fig. 3), collected by a spherical mirror (M3), and
was led to a grating-type far-infrared spectrometer [18].
The acceptance angle of radiation by the mirror (M3)
is 70 mrad at the Tohoku Linac and 100 mrad at the
KURRI Linac. Millimeter-wave radiation was detected
by a liquid-helium-cooled silicon bolometer. When vis-
ible light was observed, a grating-type spectrometer for
the visible region (Shimadzu Co.) with a glass filter was
used. Visible light was detected by a photomultiplier
tube (R1508, Hamamatsu Photonics K.K.).

TABLE II. The characteristics of the radiation source.

Tohoku Linac KURRI Linac
Gas He N
Refractive index® 1+3.50 x 10~° 1+2.97 x 107*
Pressure of gas 6 Pa-101 kPa 10 Pa-101 kPa
Radiator length L 75-440 mm 61-300 mm

®The values at 101 kPa.

In the millimeter-wave region the absolute sensitivity
of the measuring system was calibrated by blackbody ra-
diation emitted from a graphite cavity at a temperature
of 1200 K [18]. In the visible region a standard halogen
lamp of 500 W (Ushio Inc.) was used for the calibration.

The accuracy of the observed intensity in this experi-
ment was estimated to be within a factor of 1.5.

IV. EXPERIMENTAL RESULTS

In this section experimental results in the visible
and the millimeter-wave region are described. In the
millimeter-wave region coherent radiation was observed
due to short bunches of electrons. The intensity of the
observed radiation was proportional to the square of the
beam current, i.e., to the square of the number of elec-
trons in the bunch. The quadratic dependence is a prop-
erty of coherent radiation as described in the Appendix
where the theory of the coherence effect is explained. In
this section theoretical calculations of Cerenkov and tran-
sition radiation in the millimeter-wave region are per-
formed by substituting Eq. (2.1) or Eq. (2.7) into P, in
Eq. (A2) of coherent radiation.

A. Dependence of radiation intensity
on pressure of gas

The relation between the pressure of gas and the in-
tensity along the electron trajectory (8 = 0 rad) is shown
in Figs. 4(a) and 4(b). The gas and the energy of elec-
trons were (a) helium gas and 150 MeV at the Tohoku
Linac, and (b) nitrogen gas and 40 MeV at the KURRI
Linac. The refractive index n of gas is related with a gas
pressure p as n = /1 + kp, where k is a constant. The
pressure pyn, at the Cerenkov threshold Bn = 1 is (a)
16.8 kPa and (b) 27.8 kPa, which is shown by the dotted
line and the arrow in Figs. 4(a) and 4(b).

The open circles show the observed values at A = 500
nm and the solid circles A = 1 mm [or 2 mm for (b)].
The intensity is normalized by the value in vacuum. The
length L, which is the distance between the foil and the
mirror (M1) in Fig. 3, is (a) 165 mm and (b) 156 mm.
The values of L/A for the millimeter-wave region are
three orders of magnitude smaller than ones for the visi-
ble region and the condition |n — 1|L/A > 1 is not ful-
filled. The observed intensity at A = 500 nm steeply in-
creases with pressure around the pressure of the Cerenkov
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TABLE III. The spatial parameters of the bunch at the position of the aluminum foil.

Tohoku Linac

KURRI Linac

101 kPa 6 Pa 101 kPa 10 Pa
Transverse size 20 (mm) 7.1 7.0 18 15
Angular divergence 2¥ (mrad) 4.9 4.6 35 18
Normalized emittance €, (mrad) 2.6 x 10737 2.4x 1037 1.2 x 10727 5.3 x 10737
Longitudinal bunch length (mm) 0.25 14

threshold. The factor of enhancement at atmospheric
pressure compared with the value in vacuum is (a) about
30 and (b) about 900. This enhancement is due to the
generation of Cerenkov radiation. On the other hand, the
intensity at A = 1 or 2 mm shows no distinct change over
pressures below and above the threshold. Thus Cerenkov
radiation was not observed in the millimeter-wave region.
The dashed and the broken curves show the theoretical
intensity calculated by Eq. (2.1) for A = 500 nm and A =
1 mm [or 2 mm for (b)], respectively. These calculated
values are in good agreement with the observed ones.

B. Angular distribution of radiation

The experimental results of the angular distribution of
radiation for A = 1 mm and L = 165 mm at the Tohoku
Linac are shown in Fig. 5. The intensity shows the num-
ber of photons integrated over the acceptance angle of
70 mrad, per bandwidth of 1% (i.e., AA/A = 0.01), and
at the average beam current of 0.5 pA. The solid and
the broken curves represent the observed data at atmo-
spheric pressure and in vacuum, respectively. The angle
at the maximum intensity is about 45 mrad.

When |Bn — 1|L/A > 1, for example, in the visible
region |Gn — 1|L/\ ~ 10, the direction of propagation of
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FIG. 4. The relation between the intensity and the pres-
sure; (a) He gas and the 150-MeV electron beam; (b) N2
gas and the 40-MeV electron beam. The open and the solid
circles show the observed intensity in the visible and the mil-
limeter-wave region, respectively. The dashed and the broken
curves show the theoretical intensity for the respective wave-
lengths. The intensity is normalized to that in vacuum. The
pressure of the Cerenkov threshold Penr is (a) 16.8 kPa and
(b) 27.8 kPa.

the Cerenkov radiation is centered around the Cerenkov
angle 6. (= 7.6 mrad for a 150-MeV electron beam),
whereas the transition radiation is centered around 1/~
(= /1 - B% = 3.4 mrad). In the millimeter-wave region,
however, the value of |n — 1|L/\ is about 0.005 and the
condition |Bn — 1|L/A > 1 is not fulfilled. The angu-
lar distributions of both types of radiation broaden and
show the same form as shown in Figs. 2(a) and 2(b) in
Sec. II.

The dotted curve in Fig. 5 shows the calculation of
coherent Cerenkov radiation from a limited trajectory
by Eq. (2.1) integrated over the acceptance angle of 70
mrad. The calculated intensity of coherent transition
radiation by Eq. (2.7) overlaps with this dotted curve.
The results of observation and the calculations in Fig. 5
are in good agreement. The angular distribution of the
observed radiation at atmospheric pressure shows that of
transition radiation.

C. Dependence of radiation intensity
on length of trajectory

Figures 6(a) and 6(b) show the relation between the
intensity in the direction of @ = 0 rad and the length L of
the electron trajectory which is the distance between the
aluminum foil and the mirror, at the Tohoku Linac (a)
and the KURRI Linac (b). The intensity is normalized
to the value of L = 165 mm (a) and of L = 156 mm (b).

The solid circles represent the observed values for

0 1
-200 -100 0

100
ANGLE 6 (mrad)

200

INTENSITY(photons/s) at 0.5pA
(3]

FIG. 5. The angular distribution of radiation at A = 1 mm
from the Tohoku Linac. The solid and broken curves show the
observed data at atmospheric pressure and in vacuum, respec-
tively. The dotted curve is the theoretical intensity integrated
over the acceptance angle of 70 mrad.
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FIG. 6. The relation between the intensity and the length
of the trajectory of (a) the 150-MeV electron beam and (b)
the 40-MeV electron beam. The intensity is normalized to
the value of (a) L = 165 mm and (b) L = 156 mm. The solid
and the open circles represent the observed intensity in the
visible region at atmospheric pressure and in vacuum, respec-
tively. The solid and the open triangles represent the values
in the millimeter-wave region at the respective pressures. The
solid and the broken curves are the calculations at A = 500
nm at the respective pressures. The dotted curve represents
calculated values at the two pressures in the millimeter-wave
region.

A = 500 nm at atmospheric pressure. The intensity is
proportional to L and shows the property of Cerenkov ra-
diation from the medium, as expressed by the first term
of Eq. (2.3). The broken curve is the theoretical inten-
sity calculated by Eq. (2.1) using the parameters of the
experiment, and is in good agreement with the observed
data.

The open circles represent the observed values for A =
500 nm in vacuum. The observed radiation is transition
radiation and the intensity in the short-wavelength region
is independent of L as expressed by Eq. (2.9). The solid
curve is the theoretical intensity calculated by Eq. (2.1)
using the parameters of the experiment. The observed
data are consistent with the theoretical calculation.

In the millimeter-wave region the length of the forma-
tion zone Ly is much longer than the length L in this ex-
periment. For example, the values of Ly at the two pres-
sures, when the direction of radiation is parallel to the
electron trajectory (8 = 0 rad), are shown in Table IV.
When L is much shorter than the length Ly of the forma-
tion zone, the term 1—cos(2nL/Ly) in Eq. (2.7) for tran-
sition radiation is approximated as 2w2L?%/ L? and the in-
tensity shows the quadratic dependence on L [16,24]. The

TABLE IV. The length Ly of the formation zone for § = 0
rad.

Tohoku Linac KURRI Linac

Wavelength 101 kPa 6 Pa 101 kPa 10 Pa

500 nm 17.1 mm 86.2 mm 2.32 mm 6.13 mm
1 mm 342 m 172 m

2 mm 9.29 m 24.5m
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solid and the open triangles in Fig. 6 represent, respec-
tively, the observed values at atmospheric pressure and
in vacuum in the millimeter-wave region, (a) A = 1 mm
and (b) A = 2 mm. The observed intensities at both pres-
sures have almost the same dependence on L and they
are nearly proportional to the square of L. The dotted
curve shows the calculated intensity of Eq. (2.1). The
calculation of transition radiation by Eq. (2.7) overlaps
with this curve.

Thus the quadratic dependence of the intensity on the
length L shows that the observed radiation is transition
radiation in the millimeter-wave region even at atmo-
spheric pressure where the condition fn > 1 is fulfilled.
The gradients of the calculated curves in Figs. 6(a) and
6(b) are slightly smaller than 2 at large values of L. This
is caused by the fact that the effective acceptance angle
decreases at large values of L.

D. Spectrum of radiation

Figures 7(a) and 7(b) show additional data of the spec-
tra along the electron trajectory (# = 0 rad) in the visible
and the millimeter-wave regions at the Tohoku Linac and
the KURRI Linac, respectively. The intensity represents
the number of photons per second, per bandwidth of 1%
(i.e., AX/A = 0.01), and at the average beam current of
each linac.

The solid and the broken curves in the millimeter-wave
region show the observed spectra of coherent radiation at
atmospheric pressure and in vacuum, respectively. The
spectra at both pressures are nearly the same, and in
Fig. 7(a) these almost overlap each other. The spectra
show peaks at (a) A = 1 mm and (b) A = 3 mm. The
difference between the observed spectra at the two linacs
is due to the difference of the bunch shape according to
the theory of coherent radiation in the Appendix.

The solid and the open circles in the visible region are
observed values at the wavelength of 500 nm. The ratio of
the intensity at atmospheric pressure to that in vacuum
is about 30 in (a) and about 900 in (b). These values
of the ratios are in agreement with the observed results
of the dependence of the radiation intensity on the gas
pressure, which are described in Sec. IV A.

The dashed and the dotted curves, respectively, repre-
sent the calculated intensity by Eq. (2.1) for atmospheric
pressure and by Eq. (2.7) for vacuum, which are inte-
grated over the acceptance angle and over the electron
numbers of the average beam current. These curves rep-
resent incoherent radiation. As described in Sec. II, Eq.
(2.1) expresses the total intensity of both Cerenkov and
transition radiation, and Eq. (2.7) expresses only the in-
tensity of transition radiation.

In the millimeter-wave region the observed intensity
at the maximum peaks is enhanced by a factor of about
4 x 10% in Fig. 7(a) and about 2 x 10° in Fig. 7(b) in
comparison with the calculated intensity of incoherent
radiation. The factor for the Tohoku Linac is close to
the number of electrons per bunch 3.6 x 10® and this
is a property of coherent radiation. The factor for the
KURRI Linac is three orders of magnitude smaller than



50 CERENKOV RADIATION FROM A FINITE TRAJECTORY OF . ..

10'? T T T T
E 1014 L J
>
S 10| R
(=]
f-; 102k B
EERTI N 8
Lal
S b N ]
- N,
< \\\

9

: 10 'o\\\\ ]
Rt o \\ 1
Z
[43] \\
= 7 4
z 10 \
= \

10 . . A AN

1077 107¢ 107% 107t 107% 1077

WAVELENGTH (m)

4047
b

10'% ()
—_ T T T T
-
= 14
2 10 g
o
‘5 1013_ . ]
=
) .
— 10PN ]
< AN

10" E ~ B
wvy .
. ] \.
— 10 AN
- 10 N 9
< 5 \\
> 10" E .. \,& 4
[
> 10 \ .
z (o]
2 1'f :
z
= 0t , , L

3 -2

1077 107% 107° 107* 10°
WAVELENGTH (m)

10

FIG. 7. The observed spectra of radiation from (a) the 150-MeV electron beam and (b) the 40-MeV electron beam. The
intensity shows the number of photons per second per bandwidth of 1% (i.e., AA/A = 0.01) and at the average beam current.
The solid and the broken curves in the millimeter-wave region and the solid and the open circles in the visible region show the
intensity of the observed radiation at atmospheric pressure and in vacuum, respectively. The dashed and the dotted curves

show the theoretical intensity at respective pressures.

the number of electrons per bunch 4.0 x 10°. The small
value is considered to be attributed to the decrease of
the coherence effect due to large dimensions of the bunch
compared with the wavelength, as shown in Table III.
In the visible region the observed values at both pres-
sures are in good agreement with the theoretical calcula-
tion of the incoherent radiation at the Tohoku Linac in
Fig. 7(a). At the KURRI Linac in Fig. 7(b) the abso-
lute intensity of the observed radiation at each pressure
is different from the calculation by an order of magni-
tude, though the ratio of the intensity at atmospheric
pressure to that in vacuum is in good agreement with
the calculation. The reason for this discrepancy of the
absolute values was probably due to an inaccurate gain
of the preamplifier of the detector at the time of this par-
ticular observation. However, the linearity between the
intensity of light and the output of the preamplifier was
checked to be correct even under this condition.

V. DISCUSSION

Experimental results have proved that the radiation
from a limited trajectory in gas in the millimeter-wave
region shows the property of transition radiation even
when the Cerenkov criterion 8n > 1 is fulfilled, and that
the Cerenkov threshold Bn = 1 loses its practical mean-
ing.

. In radiation processes such as transition radiation and
Cerenkov radiation from a limited trajectory of high-
energy particles, the length Ly of the formation zone of
Eq. (2.8) is significant. The formation zone is interpreted
as the electron trajectory length required for the forma-

tion of radiation in the reference system of the electron
moving with velocity Bc relative to the laboratory sys-
tem.

It is generally known that any type of radiation is not
emitted from a point but from a finite region whose size is
of the order of the wavelength of the radiation [21,22]. In
other words, for the completion of a radiation process a
time interval for the radiation to propagate a distance of
one wavelength is required. We call it the formation time.
The frequency v’ of radiation in the electron’s reference
system is given by the relativistic Doppler effect derived
from the Lorentz transformation [23]:

v =4|1 - Bncosb|v, (5.1)

where v is the Lorentz factor v = (1 — 82)~'/2. The
formation time in the electron’s reference system is writ-
ten as At’ = 1/v'. Since the formation time At in the
laboratory system is given as yAt' by the Lorentz trans-
formation, the distance the electron moves during the
formation time At is

+Be
V,
_ Be/v
" |1—PBncos|’

AtBec =

(5.2)

Since ¢/v is equal to the wavelength A in vacuum, the
distance calculated above is the length Ly of the forma-
tion zone given by Eq. (2.8). Thus the formation zone
expresses the length which is required to complete the ra-
diation process. The values of Ly in this experiment are
summarized in Table IV. In the millimeter-wave region
the length L of this experiment is much shorter than the
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length L¢ of the formation zone.

On the basis of the role of the formation zone, we pro-
pose a new criterion L > Ly for Cerenkov radiation. Us-
ing Eq. (2.8) and Bn > 1, we obtain

B(ncosd — /L) > 1, (5.3)

instead of the conventional Cerenkov criterion 8n > 1 for
free space.

For the gaseous medium (n ~ 1) and for the high-
energy electrons (3 ~ 1), the Cerenkov angle 0, is close
to zero. When the acceptance angle of radiation covers
the Cerenkov angle and 6 = 0 rad, the strictest criterion
for gas is given by

B(n—A/L) > 1. (5.4)

This is equivalent to the criterion proposed by Zrelov et
al. [4], which is derived from results of their numerical
calculations. Their derivation is based on the consider-
ation that the intensity of Cerenkov radiation should be
proportional to the emission length.

Obviously, the difference between the conventional cri-
terion for the free space (8n > 1) and the new criterion
of Eq. (5.4) becomes important in the long-wavelength
region where A/L has a significant value compared with
the refractive index n. In the case of a gaseous medium
whose refractive index is close to unity, such as in this
experiment, a finite value of A/L is meaningful, even if it
may be small.

In order to visualize the new criterion, the theoreti-
cal intensity calculated by Eq. (2.1), which is integrated
over the acceptance angle and per bandwidth of 1%, is
shown in Fig. 8 by a surface of a grid as functions of

units)

INTENSITY (arb.

FIG. 8. Three-dimensional plot of the theoretical intensity
of radiation emitted from a limited trajectory as functions of
both A/L and Bn. The dotted curve shows an example of the
pressure dependence of intensity at a constant wavelength.
The broken curve is an example of spectral distribution of
intensity at a constant pressure. The bold solid curve repre-
sents the threshold 8(n — A/L) = 1 of the new criterion on
the grid. The open and the solid circles, respectively, show
the observed values of the pressure dependence of intensity at
A = 500 nm and A = 2 mm for the KURRI Linac in Fig. 4(b).
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both A/L and Bn. This three-dimensional figure shows
the property of the radiation from a limited trajectory.
When ) and L are constant, it gives the relation between
the intensity and the refractive index n as described in
Sec. IVA. An example is shown by the dotted curve in
Fig. 8. When L and n are constant, it shows the spectra
as described in Sec. IVD, and an example is shown by
the broken curve in the figure. When X and n are con-
stant, it gives the relation between the intensity and L
as described in Sec. IVC.

The bold solid curve in Fig. 8 represents the lower limit
L =Ly at = 0 rad, ie., B(n — A/L) = 1, of the new
criterion on the surface of the grid. The upper side of this
curve is the region where the new criterion §(n—A/L) > 1
is fulfilled. The open and the solid circles, respectively,
show the observed values of Fig. 4(b) at A = 500 nm
and A = 2 mm from the KURRI Linac. The values at
A = 500 nm in the visible region cross both curves fn =1
and B(n — A/L) = 1 when the value of n increases. On
the other hand, the observation at A = 2 mm in the
millimeter-wave region does not satisfy the new criterion
B(n— A/L) > 1, though the criterion Bn > 1 for the free
space is fulfilled.

Therefore the radiation from a limited trajectory
whose length does not satisfy the new criterion should
be called transition radiation, even if fn > 1. In or-
der to generate Cerenkov radiation in a gas in the long-
wavelength region by high-energy electrons, we have to
prepare an electron trajectory of several tens of meters
or more because of the long length of the formation zone.
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APPENDIX: THEORY OF COHERENCE EFFECT
IN THE MILLIMETER-WAVE REGION

In the millimeter-wave region the radiation intensity
from an electron beam is usually weak and its observation
is difficult. In recent years coherent radiation has been
observed which is emitted from short bunches of relativis-
tic electrons from a linear accelerator [10-12,16,18,24,25].
The power of the radiation in the long-wavelength region
is enhanced enormously by the coherence effect.

The intensity of coherent radiation is given by [26]
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2
N .
P= ;Ejexp(ian;\x’) ,

where N is the number of electrons in a bunch, E; the
electric vector of radiation from the jth electron, x; the
position vector of the jth electron, and n the unit vector
along the direction of observation.

The degree of the coherence effect depends not only on
the longitudinal size of the bunch but also on the emit-
tance, or the transverse size and the angular divergence,
of the electron beam [16,26]. We assume that the distri-
bution of electrons in a bunch has cylindrical symmetry.
Then, Eq. (A1) is calculated as [26,27]

P=N (1+ N fL fr x) Po,

(A1)

(A2)

where fi, is a longitudinal bunch form factor, fr a trans-
verse one, and X a factor of an electron-beam divergence.
The number N is assumed to be much larger than unity.
The function P, is the intensity of radiation emitted from
a single electron and corresponds to P, of Eq. (2.1) or Py
of Eq. (2.7). The values of the factors fr, fr, and x vary
from zero (incoherence limit) to unity (coherence limit).
With the minimum and maximum values of these factors,
Eq. (A2) is reduced to

_ [ NP, (incoherence limit)
P= {N 2 Py (coherence limit). (A3)

In circular cylindrical coordinates (p, ¢, z) where the
z axis is along the trajectory of the electron beam, the
form factors are expressed as [26]

fL= '/h(z) exp (M) dz

fr= ‘//y(p)exp (i—zLShj\M) pdpdd

where h(z) and g(p) are the longitudinal and transverse
density distribution functions of electrons in the bunch.

The divergence factor is derived from synthesis of vec-
tors as

2 , (A4)

2 , (AbB)

2

x='/eG(U) dul | (46)
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where e is the unit vector of an electric field of radiation,
u the unit vector of the direction of motion of an elec-
tron, and G(u) the density distribution function of u in
a bunch. In polar coordinates, Eq. (A6) is written as

. . 2
= {/‘/ smecos§—cosOsm£cos¢G(£)sin£d£d¢} ’

sinT

(A7)

where £ is the polar angle of u and 7 is the angle between
the direction of motion u and the direction of observation
n.

Since the direction of radiation from relativistic elec-
trons is mostly confined in a small angle (@) along the
trajectory of the electron beam, cos@ is close to unity.
Then, fr of Eq. (A4) depends only on the wavelength
A and its value mainly determines the enhancement of
the radiation intensity due to the coherence effect. On
the other hand, since the values of fr of Eq. (A5) and x
of Eq. (A7) depend greatly on the angle 8, the angular
distribution of P in Eq. (A2) for coherent radiation is
different from that of Py for the radiation emitted from
a single electron.

For the theoretical calculations in this paper, the trans-
verse distribution of electrons g(p) and the distribution of
the angular divergence G(§) are assumed to be Gaussian
functions as follows:

s0) = e (- %), (48)

G(¢) = # exp (—é—i) , (A9)

where 0 and ¥ are the root-mean-square spread of the
Gaussian functions. On the other hand, when we con-
sider the relative values of the intensity in this paper, fr
is taken as unity for convenience.

The emittance ¢,, is defined as €,, = wo¥ with the
transverse size and the angular divergence of the electron
beam when g(p) and G(£) are Gaussian functions. For
the relativistic electrons the normalized emittance ¢, =
nByo¥ is used, where v = (1 — 52)~1/2 [28].
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